The mean square pressure fluctuations pp + in the inner and outer regions are correlated for various Reynolds numbers using published DNS data. It is found that the overlap matching region has logarithmic behavior. The outer region overlap law is
logarithmically infinite may be expressed as two finite terms with a mixed scaling;
Channel flow has an extensive overlap region while boundary layers have a very limited overlap region. The wall-pressure spectra E pp + (k x h), as a function of the streamwise wavenumber k x h, does not have a (k x h) −1 overlap region. Nevertheless, trends show this behavior might occur at higher Reynolds numbers.
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I. INTRODUCTION
In this paper, the fluctuating pressure is correlated in the spirit of matched asymptotic expansions. The inner region expression is a function of y + = yu τ /ν (y distance from wall, u τ friction velocity, and ν kinematic viscosity) with gauge functions that depend on the friction Reynolds number Re τ = u τ h/ν(h channel half-width). Similarly, the outer region expression is a function of y/h with gauge functions that depend on the Reynolds number.
Matching these expressions in an overlap region produces a 'common part' matching law.
Fluctuating pressures are an interesting property in turbulent wall layers. However, experimental measurements, either within the flow or on the wall, are hampered by instrument errors, facility flow unsteadiness, and contamination from acoustic noise. Much research on pressure fluctuations in boundary layers has been motivated by practical issues on rockets, airplanes, submarines, and ships. Sound reception and radiation, laser transmission, and wall vibration are important issues. The numerical scheme used by Lee and Moser 6 computes the velocities and vorticities without involving the pressure. Subsequently, the pressure field is found by solving a Poisson equation given the velocity fields.
A Neumann boundary condition is obtained from the Navier-Stokes equation in the wall-normal direction by applying no-slip and no-penetration conditions.
The spectral Galerkin method in streamwise and spanwise direction and seventh order Bspline is used in the wall-normal direction to solve (1).
Since the fluctuation pressure p is related to the known fluctuation velocities u i by linear equations, one can arbitrarily divide the pressure into three parts;
Here; p r is a "rapid" pressure, also known as the turbulence-mean shear component, p s is a "slow" pressure, also known as the turbulence-turbulence component, and p st is a "Stokes" pressure, a harmonic component. Equations governing these pressures are (Mansour, Kim, and Moin 13 ):
If desired one can combine the harmonic component with either of the other pressures.
One of the first analysis of DNS pressure data was by Kim 14 . Although the Reynolds number was very low, Re τ = 180, the trends he described are consistent with current data.
Importantly, he found that both the rapid and slow pressures are significant. At that time, the accepted argument was that only the rapid pressure was significant. Hoyas and Jiménez 10 verified that the Stokes pressure is never significant. From the boundary condition (6) it is seen that the Stoke pressure is zero at infinite Reynolds number.
The rapid pressure depends on the mean velocity and vertical fluctuating velocity. These velocities scale well with the friction velocity u τ . However, the situation is not so simple with the slow pressure as it depends on all the fluctuating velocities. There has been considerable uncertainty about scaling the streamwise velocity u. does not expect a simple scaling of the slow pressure in the very near wall region.
Bradshaw 19 proposed that the wall-pressure spectrum E pp + , in terms of streamwise wavenumber, has two regions with different scaling; for low and high wavenumbers respectively. The low wavenumbers are impressed from the outer region and have a length scale h, whereas the length scale for the high wavenumbers is the viscous scale ν/u τ . The matching law between these regions has a slope of minus one. We can derive this as follows. Assume that the proper non-dimensional spectrum at low wavenumber
by u τ and h. At high wavenumbers the inner region dominates the spectrum and the proper length scale is the viscous scale ν/u τ . There is a scale change for the dependent quan-
as well as for the wavenumber k
If the Reynolds number is high enough for these regions to separate, then the matching law occurs. Equating the functions and their slopes produces the matching laws C/(k x h) and C/k + x respectively. Furthermore, the mean-square wall pressure is the integral of E(k x h). At some high wavenumber k + x,0 the spectrum drops rapidly and no longer contributes to the integral. Hence, the upper limit of integration is effectively (k x h) 0 = k + x,0 Re τ and the resulting mean square pressure has the form
The origin of the logarithmic term, in this instance, is the fact that the overlap region of the spectrum grows linearly with the logarithm of the Reynolds number. This was also proposed by Bradshaw 19 . Regardless of the theoretical origin, it is common to correlate the wall pressure with this logarithmic form. Klewicki, Priyadarshana, and Metzger 3 present a comprehensive review of the experimental evidence for the k −1
x behavior (as well as for the vorticity-pressure correction).
Also, several other turbulence properties, for example the fluctuating wall shear stress, have been expressed with a logarithmic dependence on Re τ . Many researchers prefer to start an asymptotic expansion with an order-one term. In other words, the dependent quantity is properly scaled to be finite in the parameter limit. This can be done as follows. Consider a relation for some dependent variable f of the form
Recall that matching the mean-velocity profiles produces the wall shear-stress relation
Eliminating the logarithmic term between these equations, and then rescaling the dependent quantity by the gauge function uτ Uo (Re τ ) gives a two-term expansion. For the pressure this is
The rescaling makes pp # finite as Re τ → ∞ and introduces the mixed velocity
the dependent scale. Thus, one has a choice of either of these two equivalent representations.
One a hypothetical value at Re τ =1 plus an addition for finite Reynolds number. It grows without bound as the Reynolds number increases. The other representation has a finite value for infinite Reynolds number, minus a correction for finite Reynolds number.
The first section of this paper is an analysis of data from channel flow DNS calculations.
The primary source is Lee and Moser 6 . The second section deals with constant pressure boundary layers and employs the DNS calculations of Schlatter andÖrlü 12 . Summary and conclusions comprise the final section.
II. CHANNEL FLOW
Channel flow DNS data now extend to Re τ = 5186. The constants were determined by fitting the Re τ = 5186 data at y + = 200 and 1000.
The outer function pp + (y/h) deviates from this common part, beginning about y/h = 0.8, as it flattens to zero slope to match with the other side of the channel.
Next, consider the inner function. In the overlap region, it must produce Eq (11) in the inner variable. Thus, to within a constant, the inner overlap law for pp + is
In light of Eq (12) it is useful to define a function that absorbs the Re τ dependence in pp + .
Note that Eqs. (12) and (13) imply that
A perfect correlation will produce a single curve for φ(y + ). Re τ . There is a good correlation for all y + except for some deviations near the wall; y + < 30.
Shift the origin by defining the inner pressure function P(y + ) 
As an average value at the wall we take φ(0) = −12. Observe that P(y + ) has a defect form and by definition P(0) = 0. In terms of the pressure fluctuations P(y + ) is The inner matching law is
Matching between the inner and outer regions satisfies equations for the values,
and for the derivatives,
where ǫ is a constant. The traditional indicator function for 1/ǫ is shown in Fig. 3 . An interesting side issue is that numerically 1/ǫ and −1/κ (κ is the von Kármán constant determined from the computed velocity profiles) are nearly the same. The dashed line on Fig.4 corresponds to κ = 0.384. We do not know of any theoretical reason for these coefficients to be equal. The physics governing the mean velocity and the pressure fluctuations is quite different.
The methodology described above was applied to the rapid and slow pressure components.
The results for φ(y + ) for the rapid and slow components are shown in Fig. 4 . Away from the wall, the curves approach a logarithmic dependence with different slopes, and near the wall there are some trends with Re τ , especially prominent for the slow component. The slow pressure (turbulence-turbulence term) has more variation in y than the rapid pressure (turbulence-mean-shear term) and is mainly responsible for the maximum around y + = 40. One can also observe that the trends with Re τ near the wall are opposite for the two components.
The matching laws for the inner and outer regions are (11) and (17) respectively. Eliminating pp + between these equations yields
Thus, the overlap logarithmic laws produce an expression for the wall pressure as a function of the Reynolds number. This is another derivation of a logarithmic law for the wall pressure distinct from that of Bradshaw 19 . Fig. 5a shows various recommended relations for the wall pressure variance along with the equations and DNS data. Boundary layer data will be discussed subsequently. The alternate representation of the DNS data in mixed scaling, that is in the form of (10), is displayed on Fig. 5b .
The spectrum E pp + (k x h) for the wall pressure at low wavenumbers is given in Fig. 6a .
The computational box length, 8πh, corresponds to a wavenumber of k x h = 0.25. The higher Re τ curves correlate roughly with a peak at k x h = 2 to 3. This corresponds approximately to a wavelength of λ x /h = 3 to 2. The high wavenumber spectra E Pre-multiplied spectra at Re τ = 5186 for various positions from the wall are given in Fig. 8 . The wall curve is the same as shown on Fig. 7a . The curve for y + = 30 is where the largest value of pp + occurs, and it peaks at the same wavenumber as does the wall value. This near-wall region is where the largest values of velocity fluctuations occur. As one moves away from the wall, the high wavenumber contribution vanishes and the peaks move progressively to lower wavenumbers as the distance from the wall increase. The spectral peak at the centerline is at k + x = 0.0009 corresponding to λ x /h = 1.34. It is interesting to note that all curves closer to the wall than y/h = 0.2 lie together when the wavenumber is less than k + x = 0.001; that is wavelength greater than λ x /h = 1.2. This is consistent with 
III. ZERO PRESSURE GRADIENT BOUNDARY LAYER
The data used in this section is from Schlatter andÖrlü 12 . Pressure profiles from progressive stations in a developing boundary layer are presented in Fig. 9a in inner variables. The corresponding wall values are given as a function of Reynolds number in Fig. 5a A fit of (20) to this data gives 
This curve is given on figs. 9b. 
IV. SUMMARY AND CONCLUSION
In channel flow, outer region profiles of the fluctuating pressure variance, pp + (y/h), correlate very well for different Reynolds numbers. In the inner wall region, the correlation is a defect form P ≡ pp
Matching these expressions produces logarithmic overlap laws:
For channel flow these laws begin at about y + = 200 and extend to y/h = 0.8. The inner profile P(y+) rises from zero to a maximum at about y + = 40, then drops into the logarithmic overlap behavior. The correlation is not perfect at and near the wall. This is mainly due to some unaccounted for trends in the slow pressure component, which are also responsible for the rising values.
Combining these laws yields a law for the wall pressure.
This is an alternate derivation of an equation originally proposed by Bradshaw based on wavenumber spectra. The new aspect of the equation above is that both constants for the wall pressure relation are not arbitrary, but come from the logarithmic overlap laws.
It is of interest to contrast the mean velocity and pressure profiles. The inner region velocity expansion has one term and it is matched to a two-term defect form in the outer expansion. The reference term in the defect is U o /u τ , and the matching produces a relation, (U o /u τ ) = (1/κ) ln(Re τ )+C io . For the pressure profile, it is the opposite; the inner expansion has two terms and the outer expansion one term. The inner reference term is the wall pressure pp + (0) and the matching produces the Reynolds number relation above.
The one-dimensional streamwise wavenumber spectra E pp (k x h) correlates across Reynolds numbers at a maximum of about λ x = 2h − 3h. These low wavenumbers are most important for generating surface vibration and acoustic sound. 
